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Abstract Pure spinor formalism and non-integrable exponential factors are used for con-
structing the conformal-invariant wave equation and Lagrangian density for massive fermion.
It is proved that canonical Dirac Lagrangian for massive fermion is invariant under induced
projective conformal transformations.
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I. Introduction
It was proved in 1910 by Bateman and Cunningham[1] that the Maxwell equations of
electromagnetic field are invariant under conformal transformations in ordinary spacetime.
In 1928 Paul Dirac discovered the relativistic-invariant wave equation of electron. And af-
ter several years in 1936 he studied the possibility of getting a wave equation in conformal
space corresponding to ordinary wave equation for electron.[2] In this paper we re-examine
the above problem by means of Cartan’s[3] pure spinor formalism. One knows that conformal
transformations in ordinary spacetime can be realized as a group of linear SO(2, 4) rotation
transformations in a six-dimensional pseudo-Euclidean space R(2,4). The spinor representa-
tion in R(2,4) exists because the Clifford algebra exists. Thus we obtain eight spin- 12 states
rather than the four obtained from the usual Dirac equation. The physical four-dimensional
spacetime manifold is a “hypersphere” or a null-cone in an abstract R(2,4). According to
Dirac,[2] only the values of the functions expressed on the four-dimensional “hypersphere”
represent physical entities. And we conjecture that only pure spinors associated with the
given isotropic two-plane in R(2,4) and the null-geodesic in four-dimensional spacetime have
physical significance. Using the conformal-invariant “purity-constraint”, we can write the La-
grangian for fermion in the same form as that for boson, which is unchanged under conformal
rescaling. The mass of fermion was introduced by the method of introducing the non-integrable
exponential factor in the fermion. One can realize that the mass term has a close relation
with “triality” in the fermion. We can prove that the usual canonical Lagrangian for massive
fermion is invariant under induced projective conformal transformations. Finally we give the
explicit form of these transformations and the associated Noether’s conserved currents.
II. Conformal Group
Conformal transformations C(1, 3) are those (nonlinear) transformations of the points of
(compactified) Minkowski space x→ x˜µ = x˜µ(x) which satisfy the set of equations
∂x˜µ
∂xλ
∂x˜ν
∂xρ
gµν =
∣∣∣∂x˜
∂x
∣∣∣1/2gλρ , (1)
where |∂x˜∂x | is the Jacobian of the transformations. It is the group of transformations which
leaves the equation of line element d s2 = 0 invariant. Conformal mappings include the
∗e-mail: liuyfitp.ac.cn
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Poincare rotations-translations x˜µ = Λµνx
ν − hµ which are metric-preserving, and the simple
overall dilatations x˜µ
dil.
=== (1+k)xµ. The reminder is generated by the involuntary inversions
x
inver.−−−−−→ x˜µ = xµ(xνxν)−1 , (2)
which are a four-parameter set since the choice of origin is arbitrary. A ‘special conformal
transformation’ is an inversion, followed by a spacetime translation followed by an inversion
x
inver.−−−−−→ x
µ
x2
transl.−−−−−→ x
µ
x2
+ cµ
inver.−−−−−→ x
µ + cµx2
1 + 2cx+ c2x2
. (3)
These conformal transformations can be realized as a group of linear transformations in a six-
dimensional pseudo-Euclidean space R(2,4). A clue to this is obtained by noticing that the Lie
algebra of C(1, 3) is isomorphic to that of the group SO(2, 4). Introducing pseudo-Euclidean
coordinates yA (indices A,B, · · · = (0, 1, 2, 3, 5, 6) = (µ, 5, 6)). The differential operators MAB
representing the generators of the SO(2, 4) are
MAB = i
(
yA
∂
∂yB
− yB ∂
∂yA
)
. (4)
We shall now realize the conformal compactification M c4 of the Minkowski space M4 =
R(1,3) as a four-dimensional submanifold (with boundary) of R(2,4). Consider the con C
defined as the set of points in R(2,4) satisfying
ηABy
AyB = 0 , (5)
where ηAB = diag (+1,−1,−1,−1,−1,+1) is a pseudo-Euclidean metric. Elements of M c4
(i.e., equivalence classes of points of C) can be divided into two disjoint subsets.
Let M = {y ∈ C, y5+ y6 6= 0}. We shall identify M with the Minkowski space M4 and the
subset of M c4 with y
5 + y6 = 0 as the boundary of M c4 representation points at infinity. Let
us introduce the special coordinates on M
xµ =
yµ
y5 + y6
. (6)
Then the generators (which act on the hyperquadric C) of the conformal group C(1, 3) can
be defined as
Pµ ≡Mµ6 −Mµ5 = − i ∂
xµ
,
Mµν ≡Mµν = i
(
xµ
∂
xν
− xν ∂
xµ
)
,
Kµ ≡Mµ6 +Mµ5 = i
(
x2
∂
∂xµ
− 2xµxν ∂
∂xν
)
,
D ≡M56 = ixµ ∂
∂xµ
. (7)
Strictly speaking it is a restricted conformal group, that is, the subgroup of mappings con-
nected with the identity map. This does not include the actual inversion mapping but does
include their products with space reflections (special conformal transformation). The inversion
x→ x˜µ = xµ(xνxν)−1 in M c4 corresponds to reflection, y˜6 = −y6 in R(2,4).
To introduce spinors into our conformal space, we factorize the fundamental quadratic
form yAηABy
B that defines the space R(2,4). The spinor representation in R(2,4) exists because
the Clifford algebra exists. The Clifford algebra associated with SO(2, 4) consists of six 8× 8
matrices ΠA which satisfy
ΠAΠB +ΠBΠA = 2ηAB . (8)
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The matrices LAB = (i /4)(ΠAΠB −ΠBΠA) generate a rotation in the A–B plane. They can
be considered as generators of SO(2, 4) group. This representation is reducible. Specially, in
block notations let
ΠA =
(
0 ΓA
ΘA 0
)
. (9)
Then 4× 4 matrices ΓA and ΘB satisfy[2]
ΓAΘB + ΓBΘA = 2ηAB , ΘAΓB +ΘBΓA = 2ηAB . (10)
In terms of conventional 4× 4 Dirac matrices γµ (µ = 0, 1, 2, 3), the special explicit represen-
tation is provided by
ΓA =

ΓµΓ5
Γ6

 =


γµ
[√ a
a′
(1− γ5
2
)
−
√
a′
a
(1 + γ5
2
)]
i√
aa′
(1− γ5
2
)
+ i
√
aa′
(1 + γ5
2
)
i√
aa′
(1− γ5
2
)
− i
√
aa′
(1 + γ5
2
)


,
ΘA =

ΘµΘ5
Θ6

 =


γµ
[√a′
a
(1 + γ5
2
)
−
√
a
a′
(1− γ5
2
)]
i√
aa′
(1 + γ5
2
)
+ i
√
aa′
(1− γ5
2
)
i√
aa′
(1 + γ5
2
)
− i
√
aa′
(1− γ5
2
)


. (11)
The matrices L−AB ≡ (i /4)(ΓAΘB − ΓBΘA) and L+AB ≡ (i /4)(ΘAΓB − ΘBΓA) generate
different rotations in the A–B plane. The group thus has two “pieces” S− = (1+ i ǫABL−AB) ∈
C1(1, 3) and S
+ = (1 + i ǫABL+AB) ∈ C2(1, 3). They are topologically disjunct (disjoint), and
there is no continuous path from one piece to the other. On the analogy of Eq. (7) the above
generators of conformal group which acts on the spinor space can be rewritten in another form
P±µ ≡ L±µ6 − L±µ5 = a±γµ
(1± γ5
2
)
, L±µν ≡ L±µν =
i
4
(γµγν − γνγµ) ,
K±µ ≡ L±µ6 + L±µ5 =
1
a±
γµ
(1∓ γ5
2
)
, D± ≡ L±56 = ±
i
2
γ5 , (12)
where a− = a , a+ = a′ are constants.
So we can define two types of four-parameter complex semi-spinors Φ and Ψ besides two
kinds of gamma matrices ΓA and ΘA. Under conformal transformations a pair of spinors
transforms as (
Φ˜
Ψ˜
)
=
(
S− 0
0 S+
)(
Φ
Ψ
)
=
(
(1 + i ǫABL−AB)Φ
(1 + i ǫABL+AB)Ψ
)
. (13)
Under inversion yAΠA must be unchanged, so(
Φ˜
Ψ˜
)
=
(
0 i Γ6
− iΘ6 0
)(
Φ
Ψ
)
(14)
corresponds to reflection y˜6 = −y6 in R(2,4) and inversion x→ x˜µ = xµ(xνxν)−1 in M c4 .
It is easy to prove that
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γ0Γ∗TA γ
0 = −ΘA ,
γ0(ΓAΘB − ΓBΘA)∗Tγ0 = −(ΓAΘB − ΓBΘA) ,
γ0(ΘAΓB −ΘBΓA)∗Tγ0 = −(ΘAΓB −ΘBΓA) . (15)
Thus we can define the corresponding conformal conjugate pair of spinors Φ¯ and Ψ¯ such that
Φ¯Φ and Ψ¯Ψ are conformal scalars. Their definitions and transformation properties are
Φ¯
def.≡≡≡ Φ∗Tγ0 , ˜¯Φ = Φ¯(S−)−1 = Φ¯(1− i ǫABLAB) ,
Ψ¯
def.≡≡≡ Ψ∗Tγ0 , ˜¯Ψ = Ψ¯(S+)−1 = Ψ¯(1 − i ǫABL′AB) . (16)
The “gamma” matrices ΓA and ΘA keep unchanged under the following “mixed” transfor-
mations
S−(ΓBΛ
B
A)(S
+)−1 = ΓA , S
+(ΘBΛ
B
A)(S
−)−1 = ΘA , (17)
where ΛBA ∈ SO (2, 4).
We can construct two operators (MAB + L
−
AB) and (MAB + L
+
AB), they satisfy the same
commutation relations of conformal Lie algebra. The Casimir operators C− and C+ which
commute with operators (MAB + L
−
AB) and (MAB + L
+
AB) are
C± ≡ − 1
4
(MAB + L
±
AB)G
ACGBD(MCD + L
±
CD) =
[
xνγνγ
µ − a±x2 i γµ
(1± γ5
2
)
+ 2a±xµxν i γν
(1± γ5
2
)
+
i
a±
γµ
(1∓ γ5
2
)
− 2xµ
(1± γ5
2
)] ∂
∂xµ
. (18)
Notice that, these Casimir operators are independent of Ω = y5 + y6 (conformal scalar of
degree zero). They are idempotent operators, i.e., (14C
±)(14C
±) = (− 14C±). Corresponding
eigenspinors are
Ψeig. = y
AΘAφ , Φeig. = y
AΓAψ , (19)
here yA takes the value only on the spacetime hypersphere. The explicit forms of these
eigenspinors depend upon the choice of a coordinate system. We will discuss them in the next
section.
The metric gµν induced on M c4 by the metric ηAB of R
(2,4) is given by
gµν =
∂xµ
∂yA
ηAB
∂xν
∂yB
= (y5 + y6)−2ηµν = Ω−2ηµν ,
√−g = (y5 + y6)4 = Ω4 , (20)
where Ω = y5 + y6. So the volume element
√−g (d4 x) = Ω4(d4 x) is the conformal scalar of
degree four. For simplicity we consider here the case with a conformal flat metric only.
A physical theory will be called conformally invariant if it is possible to attach conformal
weights (or degree) to all the quantities appearing in the theory in such a way that all field
equations are preserved under conformal rescaling. In physics we consider functions of position
that can represent physical entities, such as field quantities or wave functions. They are, of
course, only the functions of position in the conformal Minkowski spacetimeM c4 .
[2] In the next
section we will introduce conformal spinors of degree n = −1, i.e., Φ = (y5 + y6)nφ(x) and
Ψ = (y5 + y6)nψ(x). Where the physical entities φ(x) and ψ(x) are only functions of xµ.
III. Pure Spinor
Spinors were first used under such a name by physicists in the field of quantum mechan-
ics. In most of their general mathematical forms, spinors were discovered in 1913 by Elie
Cartan.[4] For a long time, the interest of physicists in spinors was restricted to three- and
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four-dimensional spaces (Euclidean and Minkowski). Spinors associated with them have two
or four components. Recent work on fundamental interactions and their unification makes
essential use of geometries of more than four dimensions. For this reason, spinor structure in
higher dimensions and, in particular, Elie Cartan’s pure (or simple) spinors, now have more
chance to relate to physics[5,6] than they had at the time of the appearance of E. Cartan’s
lectures.[3]
We start by schematically reminding some of the main definitions and properties of pure
spinors[3,5,6] associated with a space V of dimensions d = 6 with scalar product g. Let
Cl(g) represent the Clifford algebra associated with V , then a spinor is defined as an eight-
dimensional vector of the complex spinor space S where Cl(g) admits a faithful and irreducible
representation. If Π1,Π2, · · · ,Π6 represent an orthonormal basis of V , their elements ΠA
(A = 1, 2, · · · , 6) may be thought as generators of Cl(g) with the property
ΠAΠB +ΠBΠA = 2ηAB . (21)
Let Ψ ∈ S be a complex eight-dimensional spinor and y ∈ V be a vector (it may be thought
of the form y = yAΠA) satisfying the equation
yΨ =yAΠAΨ = 0 . (22)
Then for Ψ 6= 0, the fundamental quadratic form of V is g(y, y) = 0. Therefore we may define
M(Ψ),
M(Ψ) = {y ∈ V | yAΠAΨ = 0} , (23)
as the subspace of V associated with (the direction of) Ψ. It is easily seen that M(Ψ) is
totally null, since from y, z ∈M(Ψ) follows g(y, z) = 0. We have now:
Definition A spinor Ψ is said to be pure (simple) if M(Ψ) is a maximal and totally null
subspace of V .
In our case V is real six-dimensional, the corresponding pure spinor then defines a 2-plane
which must be isotropic (i.e., totally null). There is Cartan’s general theorem:[3]
Theorem Any isotropic ν-plane can be defined in terms of a pure spinor. The set of pure
spinors is left invariant by rotations and reversals.
There are two types of pure spinors, they can be rewritten in the following different but
equivalent forms (N± will be defined in Eq. (27))
Φ = N−(−a)L0 = exp
[
−axµ i γµ
(1− γ5
2
)]
L0
def.≡≡≡ L
= N+
( 1
ax2
)
ℜ0 = exp
[ xµ
ax2
i γµ
(1 + γ5
2
)]
ℜ0 def.≡≡≡ ℜ
= N−(−a)L01 +N+
( 1
ax2
)
ℜ02 def.≡≡≡ L1 + ℜ2
= yAΓAψ (24)
and
Ψ = N+(−a′)R0 = exp
[
−a′xµ i γµ
(1 + γ5
2
)]
R0
def.≡≡≡ R
= N−
( 1
a′x2
)
ℓ0 = exp
[ xµ
a′x2
i γµ
(1− γ5
2
)]
ℓ0
def.≡≡≡ ℓ
= N+(−a′)R01 +N−
( 1
a′x2
)
ℓ02
def.≡≡≡ R1 + ℓ2
= yAΘAφ . (25)
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We can verify that the eigenspinors of Casimir operators (19) are pure! We see that the
above representations of pure spinors in terms of components are given for a particular choice
of origin and coordinates. To avoid introducing singularities in the coordinate system, it is
convenient to use the first forms of the above pure spinors. In the next section we will use these
forms. The second forms are useful for observer at infinity, here ℜ0 = −axµ i γµ[(1 − γ5)/2]L0
and ℓ0 = −a′xµ i γµ[(1 + γ5)/2]R0. In the third forms L01+(xµ/ax2) i γµ[(1 + γ5)/2]ℜ02 = L0.
The yA in the last abstract forms takes the value only on the spacetime hypersphere, and it
is not dependent upon the arbitrary choice of origin and coordinates. We can verify that
Φ¯Φ = L¯L = ℜ¯L = L¯ℜ = ℜ¯ℜ = 0 , Ψ¯Ψ = R¯R = R¯ℓ = ℓ¯R = ℓ¯ℓ = 0 . (26)
For the study of our pure spinors it is useful to construct a null basis. Let
N±(−a±) ≡
[
1− a±xµ i γµ
(1± γ5
2
)](1± γ5
2
)
= exp
[
−a±xµ i γµ
(1± γ5
2
)](1± γ5
2
)
(27)
are idempotent projective operators. They can be considered as generalization of ordinary
(1− γ5)/2 and (1 + γ5)/2. We can prove that
N−(−a)N−(−a) = N−(−a) , N+
( 1
ax2
)
N+
( 1
ax2
)
= N+
( 1
ax2
)
,
N+
( 1
ax2
)
N−(−a) = N−(−a) , N−(−a)N+
( 1
ax2
)
= N+
( 1
ax2
)
. (28)
Thus they constitute the algebra of primitive spinorial idempotents and completely determine
the structure of the Clifford algebra and the null basis of the pure spinors.
In fact the pure spinors
L
def.
===N−(−a)L0 = exp
[
−axν i γν
(1− γ5
2
)]
L0 ,
R
def.
===N+(−a′)R0 = exp
[
−a′xν i γν
(1 + γ5
2
)]
R0 (29)
are the “null twistors” (in four-dimensional spacetime) which were studied early by Penrose.[7]
They can be considered as generalization of conventional L0 = [(1 − γ5)/2]ψ(x) and R0 =
[(1 + γ5)/2]φ(x). The geometry of these spinors is clearest in the terms of projective twistor
space. Considering Φ to be fixed and solving for real solutions xµ ∈ M of equation Φ =
N−(−a)L0, it turns out that a solution exists only if Φ¯Φ = 0. These solutions xµ(τ) (for fixed
Φ) in real Minkowski space M constitute a null straight line (null geodesics with parameter
τ), and every null straight line in Minkowski space arises in this way. So a point in Minkowski
space is said to be “incident” with the null twistor. This is the so-called standard flat-space
twistor correspondence.
We see, our pure spinors (24) and (25) admit a unique decomposition of null twistors, each
of them defines an isotropic two-plane in six-dimensional space V and a null geodesic (with
parameter τ) in physical four-dimensional spacetime. In other words, for every pure spinor
there are two undetermined parameters in V space, i.e., Ω = y5 + y6 and τ .
The induced transformations of L0 → L˜0 = S−0 L0 and R0 → R˜0 = S+0 R0 are determined
by
S−L(x, L0) ≡ L(x˜, L˜0) = exp
[
−ax˜ν i γν
(1− γ5
2
)]
{S−0 L0} (30)
and
S+R(x,R0) ≡ R(x˜, R˜0) = exp
[
−a′x˜ν i γν
(1 + γ5
2
)]
{S+0 R0} . (31)
The most important is although S− 6= S+ in Eq. (13), but after projection we get S−0 =
S+0 = S0. This means that although under conformal transformations L and R transform in
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completely different ways but after projection, the physical L0 and R0 transform in the same
manner! The infinitesimal generators which correspond to S0 are
P0µ = 0 , L0µν =
i
4
(γµγν − γνγµ) , K0µ = − ixνγµγν , D0 = i
2
. (32)
The induced transformations of l0 → s−0 l0 and ℜ0 → s+0 ℜ0 can be determined in the similar
way. We can prove that infinitesimal generators of s−0 and s
+
0 are the same, i.e.,
P ′0µ = i
xν
x2
γµγν , L
′
0µν =
i
4
(γµγν − γνγµ) , K ′0µ = 0 , D′0 = −
i
2
. (33)
In quantum theory physical observables must be operators. We can construct two sets of
physical meaningful operators

Pµ = ∂µ ,
Mµν = −(xµ∂ν − xν∂µ) − 14σµν ,
Kµ = 2xµx
λ∂λ − x2∂µ + xνγµγν ,
D = −xµ∂µ − 12 ,


P ′µ = ∂µ −
xν
x2
γµγν ,
M ′µν = −(xµ∂ν − xν∂µ) − 14σµν ,
K ′µ = 2xµx
λ∂λ − x2∂µ ,
D′ = −xµ∂µ + 12 ,
(34)
where σµν = (γµγν −γνγµ). The operators of the first set act on L0 and R0 while operators of
the second set act on ℓ0 and ℜ0. Two sets of the above operators satisfy the same commutation
relations of conformal Lie algebra.
Thus, our theory predicts the existence of two kinds of left-handed fermions (L0 and ℓ0)
and two kinds of right-handed fermions (R0 and ℜ0). They have different intrinsic energy-
momentum. For observer at infinity, K ′µ and Kµ will play a role of the energy-momentum. It
is easy to see if we replace coordinate xµ by zµ = xµ/x2. Incidentally, one can consider this
as a coordinate change rather than a point transformation.
IV. Conformal-Invariant Dynamical System
A well-known characteristic of weak interactions is that they violate parity conservation to
a maximal degree by virtue of the V–A coupling. That is, only the left-handed components of
leptons are coupled in the charge-changing sector; the right-handed components play a rather
passive role — to provide mass. Similarly, hadronic weak interactions can be accounted for
by assuming that quarks have the same kind of weak couplings. Thus, the elementary entities
are states of definite chirality, which have zero bare mass. An eigenstate of finite mass is a
superposition of left- and right-handed states with equal weights. This is a very important
fact theoretically, because it is the basis for our theoretical understanding of why quarks and
leptons are very light compared with the mass scale of grand unification or the Planck mass.
The unified gauge theory of electroweak interaction based on a gauge group SU(2)×U(1),
which mixes different massless chiral states. We see that in the standard Weinberg–Salam
model, the left-handed and right-handed fermions are treated on different levels. All left-
handed components are supposed to form SU(2) doublets while the right-handed components
are SU(2) singlets. This means that from mathematical point of view the left-handed fermion
and the right-handed fermion are completely different quantities and have different trans-
formation properties. We will extend this idea to the case with conformal transformations.
In our opinion, there is no reason not to require that under conformal transformations
the left-handed and right-handed fermions transform in different ways! We can
easily visualize this situation by the example of two different kinds of screws. When we screw
both, the clockwise (right-handed) and counterclockwise(left-handed) screws, in the same ro-
tation direction, we can observe that if the former is screwed (translated) in, the latter will
be screwed (translated) out.
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Generally, the concepts of ordinary left-handed fermion L0 ≡ [(1 − γ5)/2]φ and right-
handed fermion R0 ≡ [(1 + γ5)/2]ψ are not conformal-invariant. For this, the pure spinors (or
the null-twistors) can be introduced for generalization of conventional L0 and R0.
As mentioned in the previous section, in a special coordinate system, the pure spinors Φ
and Ψ take the form of Eqs (24) and (25) or Eq. (29). After the redefinition of L0 and R0
they can be rewritten in the following null twistor form
Φ =
Ωn
a
exp
[
i
∫
(mH+µ − eAµ) dxµ − axµ i γµ
(1− γ5
2
)]
L0 , (35)
Ψ =
Ωn
a′
exp
[
i
∫
(mH−µ − eAµ) d xµ − a′xµ i γµ
(1 + γ5
2
)]
R0 . (36)
The additional exponential exp[i
∫
eAµ dx
µ] is familiar to us in the theory of the non-integrable
phase factor. The connection between non-integrability of phase and the electromagnetic field
given in this section is not new, which is essentially just Weyl’s principle of gauge invariance
in its modern form.[8] It is also contained in the work of Ivanenko and Fock,[9] who considered
a more general kind of non-integrability based on a general theory of parallel displacement of
half-vectors. The non-integrable phases for the wavefunctions were also discussed by Dirac[10]
in 1931, where the problem of monopole was studied. C.N. Yang[11] reformulated the concept of
a gauge field in an integral formalism. According to Weyl and Yang, the effect of a potential
Aµ is to introduce a non-integrable phase in the wavefunction ψ of potential-free particle.
Incidentally, following Dirac[2] we assume that electromagnetic potential Aµ is a conformal
vector of degree −1.
The exponential exp{−axµ i γµ[(1± γ5)/2]} = {1 − axµ i γµ[(1± γ5)/2]} first appeared
in the redefined wavefunction of electron in the work of Dirac,[2] where the wave equation in
conformal space was studied. This “exponential” was also used in the definition of null twistor
by Penrose[7] and in Ref. [12].
The exponential exp [im
∫
H±µ dx
µ] are introduced here for massive fields, H±µ must mix
different chiral states L0 and R0. One knows that a charged particle must be massive. Thus
in our model the mass m was introduced in the similar way as the charge e. We give some
choice of the “potentials” H−µ and H
+
µ here,
H− ≡
∫
H−µ dx
µ =
∫ ( π−µ
2L¯0R0
+
π+µ
f−
)
dxµ , (37)
H+ ≡
∫
H+µ dx
µ =
∫ ( π+µ
2R¯0L0
+
π−µ
f+
)
dxµ , (38)
here π−µ = L¯0γµL0 and π
+
µ = R¯0γµR0. Specially, it is convenient to work with H
−
µ = H
+
µ ≡
kµ = k
−
µ + k
+
µ = π
−
µ /(2L¯0R0) + π
+
µ /(2R¯0L0). We can verify that k
±
µ k
±µ = 0, kµk
µ = 1,
kµγ
µR0 = L0 and kµγ
µL0 = R0. We thus see that there is a curious additional symmetry
referred to as a “principle of triality”[3,5,7] with three types of objects: complex vector kµ,
semi-spinors R0 and L0. The most important for us is that if ψ0 = R0 + L0 satisfies massless
Dirac equation, then ψ = ψ0 exp [− im
∫
kµ dx
µ] will satisfy the massive Dirac equation.
The simplest first order conformally invariant wave equation in six-dimensional space is
i ΓA∂AΨ =W
− i γµ(∂µ − i eAµ + imH−µ )R0 =W−[i γµ(∂µ − ieAµ)R0 −mL0] = 0 , (39)
iΘA∂AΦ =W
+ i γµ(∂µ − i eAµ + imH+µ )L0 =W+[i γµ(∂µ − i eAµ)L0 −mR0] = 0 , (40)
here W± = [−(y5 + y6)−3/√aa′ ]N±(−a) exp (imH±) and degree n = −2. We realize that
the last form of the above equation is equivalent to the usual Dirac equation for electron in
four-dimensional spacetime, and its conformal invariance is by no means apparent, but due to
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its equivalence to the first form, it of course must also have this invariant property.
Sometimes it is prefer to use the Lagrangian formalism as a starting point in constructing
various quantum field theories. The point of Lagrangian formalism is that it makes it easy to
satisfy conformal invariance and especially to obtain Noether’s conserved currents.
One knows that the equations of motion follow from a principle of least action. The action
I =
∫
L
√−g(d4 x) (41)
must be unchanged under conformal rescaling. In other words the action must be a
conformal scalar of degree zero, i.e., it must be independent of Ω = (y5 + y6). Since√−g (d4 x) = Ω4(d4 x) is conformal scalar of degree 4, the Lagrangian density L(ψ¯, ψ) must
be a conformal scalar of degree −4. For this, physical fields must be the conformal fields of
degree n = −1.
The simplest or most economical conformal-invariant Lagrangian for fermion in pure
spinor’s form is (here we take Aµ = 0 for simplicity)
L
√−g d4 x =
[( ∂
∂yB
Φ¯
)
GBA
( ∂
∂yA
Φ
)
+
( ∂
∂yB
Ψ¯
)
GBA
( ∂
∂yA
Ψ
)]√−g d4 x
=
[( ∂
∂xµ
Φ¯
)
gµν
( ∂
∂xν
Φ
)
+
( ∂
∂xµ
Ψ¯
)
gµν
( ∂
∂xν
Ψ
)]√−g d4 x
= [i(L¯0γν∂µL0 − ∂µL¯0γνL0)ηνµ − 2mL¯0R0
+ i(R¯0γν∂µR0 − ∂µR¯0γνR0)ηνµ − 2mR¯0L0] d4 x , (42)
here Φ and Ψ are pure spinors of degree n = −1. The last form of the above Lagrangian
density is nothing but the canonical Dirac’s Lagrangian density of massive fermion.
In general cases the induced projective transformations of R0 and L0 are very complicated,
so for simplicity we will consider another special choice of H± here. Let ψ = R0 + L0, and
H± =
∫ ( ψ¯γµψ
4R¯0L0
+
ψ¯γµψ
4L¯0R0
)
dxµ =
∫
(ψ¯ψ)(ψ¯γµψ)
(ψ¯γλψ)ηλρ(ψ¯γρψ)
dxµ . (43)
We want to point out that H+µ = H
−
µ = Hµ are real (real parts of kµ). This redefinition of
H± does not change the canonical Dirac’s Lagrangian density (42) for massive fermion. The
induced transformations of R0 and L0 are defined by
Φ˜ = S−Φ(x,R0, L0,Ω, γµ) = Φ(x˜, R˜0, L˜0, Ω˜, γµ) ,
Ψ˜ = S+Ψ(x,R0, L0,Ω, γµ) = Ψ(x˜, R˜0, L˜0, Ω˜, γµ) . (44)
We can prove that R0 and L0 transform in the same way, this transformation is nonlinear.
The induced infinitesimal transformations of R0 and R¯0 are (n = −1 and using Eqs (12), (13),
(16), (30) and (31))
R˜0 ∼=
[
S0
∣∣∣∂x˜
∂x
∣∣∣−n/4(e− imδH)]R0 ∼= [1− εµν
4
(γµγν − γνγµ)
+ cνxµγνγµ − k
2
− n(2cx− k) + im
∫
(2cx− k)Hµ dxµ
]
R0 , (45)
˜¯R0 ∼= R¯0
[
B−10
∣∣∣∂x˜
∂x
∣∣∣−n/4(eimδH)] ∼= R¯0[1 + εµν
4
(γµγν − γνγµ)
+ xνcµγνγµ − k
2
− n(2cx− k)− im
∫
(2cx− k)Hµ dxµ
]
. (46)
Notice that B−10 S0 = |∂x˜∂x |−1/4 ∼= (1 + 2cx − k) 6= I. Furthermore we can verify that under
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infinitesimal transformations,
Ω˜ =
∣∣∣∂x˜
∂x
∣∣∣−1/4Ω , d˜4x = ∣∣∣∂x˜
∂x
∣∣∣ d4 x , ∂xν
∂x˜µ
B0(γν)S
−1
0 = γµ , H˜µ =
∣∣∣∂x˜
∂x
∣∣∣1/4 ∂xν
∂x˜µ
Hν , (47)
here εµν , cµ, k are infinitesimal parameters of rotation, special conformal transformation and
dilation respectively. On the analogy of the electromagnetic potential, the Hµ is a conformal
vector of degree −1.
Finally we come to the conclusion that the usual canonical action of massive fermion is
invariant under (above) induced transformations of conformal group.
There are four conserved Noether’s currents associated with the above induced confor-
mal transformations. The energy-momentum and angular-momentum currents have canonical
usual form
T ·µν· =
[
ψ¯ i γµ
( ∂
∂xν
ψ
)
−
( ∂
∂xν
ψ¯
)
i γµψ
]
, (48)
Sµνλ = (xλT
·µ
ν· − xνT ·µλ· )−
i
8
ψ¯[(γνγλ − γλγν)γµ + γµ(γνγλ − γλγν)]ψ . (49)
The dilation conserved current is
Dµ = −xνT ·µν· + 2(ψ¯γµψ)mH . (50)
The conserved current associated with special conformal transformation is
C·µν· = (2xνx
λ − x2δλν )T ·µλ· + xλψ¯ i(γµγνγλ − γλγνγµ)ψ − 4mψ¯γµψ
∫
xνHλdx
λ . (51)
Notice that, from equation of motion, form 6= 0 we have T ·µµ· = 2mψ¯ψ 6= 0. Using the equation
of motion and conservation equations ∂µT
·µ
ν· = 0 and ∂µS
µ
νλ = 0, we can prove that a sufficient
condition for ∂µD
µ = 0 and ∂µC
·µ
ν· = 0 is mH · ∂µ(ψ¯γµψ) = 0. The latter is the same with
the condition of the U(1) conserved current for the m 6= 0 case. This conclusion is also true
for the H−µ = H
+
µ = kµ = π
−
µ /(2L¯0R0) + π
+
µ /(2R¯0L0) case.
Further Speculation It is interesting to study the change in m
∮
Hµ dx
µ round a closed
curve, with the possibility of there being singularities in Hµ. It leads to quantization of mass.
The detailed discussion of this problem will subject to another publication.
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